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Abstract

Power laws are common in economic phenomena, including in stock market behavior and in
the size of cities and firms. When they occur, these power laws can cause estimates of economic
quantities to have extremely different variances when those quantities are observed at an aggre-
gate level (for example, at the city or firm level). I show that in general, estimators based on
observations exhibiting this extreme heteroskedasticity may not be consistent or asymptotically
normal, and may have unreliable confidence intervals. In fact, these problems can occur even
when no heteroskedasticity is present in the original data if estimates are obtained using weight-
ing (such as by city or firm size). I propose a quasi-maximum likelihood estimator for these
contexts to help in forming more accurate estimates and performing more reliable inference.
This estimator, available as the new Stata command “regoptwgt,” can be useful in many cases
where a researcher is considering using weighting to improve estimators’ precision. Simulations
confirm that it improves estimation precision and inference, while a replication shows it can lead
to substantially different results in empirical analysis.
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1 Introduction

As documented by Gabaix (2009, 2016) and others, power laws are common in economic phenomena,
from city and firm size to stock markets, income, and wealth. These power laws generally indicate
that a “rank-size” rule approximately applies: that is, when observations are ranked from largest

to smallest, the size A; of observation ¢ is given by

At ~ Altis (1)

for some parameter s > 0. This relationship approximately holds with s = 1 for the population of
cities (see, for example, Eeckhout (2004) and Rozenfeld et al. (2011)); with s = 1 for the size of
firms (Axtell, 2001); with s = 1.5 for the size of trades on various stock markets (Gabaix et al.,
2006); and with s = 3 for short-term stock price changes (Gopikrishnan et al., 1999). Research
has helped illuminate the cause of these power laws, and some econometric research has explored
how to estimate the parameter s based on observational data. However, it has not previously been
noted, as I show here, that these power laws can create an extreme form of heteroskedasticity
that can lead to estimators for which the law of large numbers and the central limit theorem fail to
apply, or for which usual robust standard errors are not consistent for the estimators’ true standard
deviation.

To understand how such behavior can come about, suppose a researcher wants to measure how
some explanatory variable (such as a policy) affects an individual level outcome (such as student
test scores) in a setting with one observation per city in the United States. Note that the outcome
variable may be poorly estimated for small cities because the data may come from surveys with only
a few observations. This means that if a researcher using an unweighted technique like ordinary
least squares (OLS) adds observations about progressively smaller cities, they may essentially be
adding as much noise as signal—or potentially more noise than signal, depending on the value of
s. To correct for this heteroskedasticity, common practice is to use weighted estimators, such as
weighted least squares (WLS), with a weight proportional to city size. However, if the measurement
error in the outcome variable does not vary much with city size, this weighting can induce extreme
heteroskedasticity in the transformed data: in particular, the largest cities have such a large weight
that the estimator remains a nondegenerate random variable no matter how many more cities are
added to the data set.

In this paper, I prove theorems about large-sample behavior using a simple example—estimating



the population mean—to ensure that proofs are tractable. I begin by showing that, under suitable
regularity conditions and if there is any heteroskedasticity proportional to A;, the OLS estimator
for the mean converges to the population mean if and only if s < 1. When s = 1, the variance of
the estimator converges to a constant; when s > 1, the variance diverges to infinity. Despite the
failure of the law of large numbers, suitable regularity conditions ensure that the OLS estimator
will be asymptotically normally distributed, and the usual standard error estimator converges to
the true standard deviation of the OLS estimator. (Note that the usual standard error estimator
in this setting is the same as the usual heteroskedasticity-robust standard error estimator because
there are no covariates.)

Next, I show that large-sample problems can arise with the WLS estimator, particularly if
the errors are homoskedastic. Essentially, the weighting involved in WLS induces extreme het-
eroskedasticity in the data. In the case of homoskedastic errors, a WLS estimator for the mean is
consistent if and only if s < 1, it is generally asymptotically normal if and only if s < %, and the
usual standard errors estimator is consistent if and only if s < % In fact, when s = 1, the standard
error estimator remains a random variable as the sample size increases to infinity, and its variance
is particularly high relative to other values of s.

The failures of OLS and WLS are generally most severe when a researcher chooses the wrong
estimator—OLS under heteroskedasticity, or WLS under homoskedasticity. A better estimator
would be one that optimally chooses whether to weight—or even chooses some intermediate esti-
mator between weighted and unweighted.

I therefore propose a quasi-maximum likelihood (QML) estimator, which estimates the extent of
heteroskedasticity present in the data and then estimates the equations of the model as efficiently
as possible. This estimator is based on limited information maximum likelihood, so it can be
used to estimate a single-equation model (such as estimating an average or a regression coefficient)
or a multiple-equations model (such as a model based on instrumental variables). I implement
this estimator using a new Stata command, “regoptwgt,” which in many cases can easily replace
often-used commands such as “regress” and “ivregress 2sls.”

In simulations, I show that the QML estimator is similar to both OLS under homoskedasticity
and WLS under heteroskedasticity, but in other cases it is better: it has a lower root mean squared
error, and confidence intervals have size closer to the nominal value than WLS. To explore how
these issues can affect real-world research, I replicate key results in Autor et al. (2013, 2020),

two highly-cited papers that study the effect of imports from China on labor market outcomes



and political polarization in the United States. In both papers, an observation is a commuting
zone (similar to a metropolitan area), and results are weighted by population. Standard errors for
almost all estimates are smaller using QML than with the authors’ weighted estimators. Many
of the results also differ in an economically significant way, and statistical significance is often
reduced. For example, the effect of import exposure on manufacturing employment is only about
half as large when estimated using QML, relative to Autor et al. (2013)’s weighted estimate. Autor
et al. (2020) find that import exposure significantly (p = .007) increases voter turnout; using QML,
I find results that are about a third as large, and statistically insignificant (p = .280).

This paper contributes to a long literature, as reviewed by MacKinnon (2012), that seeks to
understand the ways heteroskedasticity can lead to incorrect inference, and that creates tools
to mitigate its effects. Early papers, including Eicker (1963), Huber (1967), and White (1980),
developed what is now called HC1, the most commonly-used estimator for heteroskedasticity-robust
standard errors, which is used when invoking the “robust” option in many Stata commands. It is
HC1 that I find can often lead to incorrect inference. Since those initial contributions, researchers
have noted that HC1 can perform poorly in small samples and developed techniques to address
this issue. For example, MacKinnon and White (1985) developed HC3, a jackknife standard error
estimator, which improves inference in this setting (even though some of the estimators themselves
remain inefficient, inconsistent and not asymptotically normal). Despite these advances, other
literature, such as Young (2019, 2022), find that HC3 and similar corrections are rarely applied in
practice, causing inference issues in many highly-cited papers.

The poor performance of HC1 is generally thought to be due to small sample issues. The proofs
econometricians use to understand estimators’ large-sample behavior rely on regularity conditions
that are often difficult or impossible to verify in practice, so the literature often attributes any
problematic simulation results to small-sample behavior without rigorous proof of how the problems
arise. I show that, in a common setting, heteroskedasticity can lead to problems even with an
arbitrarily large sample size. For example, researchers using common estimators on a data set
with a million firms may assume that heteroskedasticity will not affect their results if they use
robust standard errors; I show that this confidence is misplaced. The results in this paper can
also help place small-sample concerns onto more solid theoretical footing. Further, literature on
heteroskedasticity generally focuses on problems with standard errors; I find that consistency and
asymptotic normality are problems, too. I also add to this literature by proposing a QML estimator

that improves efficiency while reducing problems with inference.



Additionally, most of this literature focuses on proving sufficient conditions for asymptotic
properties—for example, conditions under which estimators are consistent. I add to this literature
by specifying necessary conditions—for example, when an estimator will not be consistent. Such
necessary conditions tell the researcher when a strategy is a bad choice; if only a sufficient condition
is described, the researcher may hope a different sufficient condition may apply to their setting.

In this literature, heteroskedasticity is often thought to be problematic only when the variance
of the error term is correlated with covariates in the model. For example, Greene (2011) notes
that “if the heteroscedasticity is not correlated with the variables in the model, then at least in
large samples, the ordinary least squares computations, although not the optimal way to use the
data, will not be misleading.” My results contradict this assertion: heteroskedasticity can cause
misleading results in large samples even if it is uncorrelated with covariates.

This paper also relates to a growing literature on cluster-robust inference. In simulations, I
show that the same problematic inference in the setting of one observation per group (for example,
per city or per firm) can also be present when the data are not aggregated. This arises, for example,
when survey data are used, but data are not collapsed to one observation per group, and errors are
allowed to be clustered within groups using CV1, the most common clustering technique, which
is used when invoking the “cluster” option in Stata. Such techniques were developed soon after
heteroskedasticity-robust techniques, with early advances by Liang and Zeger (1986), Moulton
(1986), and Arellano (1987). Similarly to small-sample behavior of HC1, literature such as Carter
et al. (2017) has noted that CV1 can perform poorly when the size of clusters has a lot of variation.
As with heteroskedasticity, resampling techniques like the jackknife (Bell and McCalffrey, 2002) and
bootstrap (Cameron et al., 2008) have been found to perform well in simulations; they also improve
inference in this setting. Literature reviews on this topic include Cameron and Miller (2011) and
MacKinnon (2019), with practical guides by Cameron and Miller (2015) and MacKinnon et al.
(2023). One paper that is particularly closely related is that by Chiang et al. (2023), which was
developed independently (and, as far as I can tell, after this paper); they prove necessary and
sufficient conditions for cluster-robust inference to be valid and mention that the power-law size
distribution of cities can cause estimators in the clustered setting to be non-Gaussian. I contribute
to this literature by showing a new connection to the heteroskedasticity literature: CV1 in this
setting gives almost exactly the same (problematic) results as HC1. I also contribute by proposing
a QML technique that can improve efficiency and inference in simulations if data are collapsed to

one observation per group. Additionally, as with heteroskedasticity, researchers may erroneously



believe that they have a large enough sample size—for example, people in one million firms—to
not worry about small sample problems. This paper shows that this intuition may be incorrect.

Many of the issues documented here arise from weighting, and the proposed QML solution is,
essentially, a weighted estimator. To my knowledge, there is not a large literature on the use of
weighted estimators. Dickins (1990) notes that weighting by A;—often intended to increase the
precision of estimators—can instead reduce it. He also appears to suggest the same quasi-maximum
likelihood estimator as in this paper, though he does not give details about it, provide code to help
researchers use it, or extend it to the instrumental variables setting, as in this paper. To my
knowledge, this QML estimator has never been used since then.! Solon et al. (2015) also note the
potential for weighting to make estimators less efficient, along with critiquing other motivations
for the use of weights. I contribute to this literature by noting that weights can cause estimators
to be not just inefficient but also inconsistent and lacking in asymptotic normality, with incorrect
conventional robust standard errors.

The remainder of this paper proceeds as follows. Section 2 describes the theoretical setup used
in the remainder of the paper. Section 3 discusses OLS estimation, while Section 4 discusses WLS
estimation. Section 5 introduces the QML estimator. Section 6 presents simulations of OLS, WLS,
and QML estimators, while Section 7 takes two papers that use weighted estimators and replicates

them using QML. Section 8 concludes.

2 Theoretical setup

To understand how power laws can lead to large-sample problems, I use a simple model in which
a researcher wants to estimate a mean. Consistency and asymptotic normality of more advanced
estimators typically rely on these properties in means; I show that more advanced estimators face
similar issues using simulations in Appendix Section D.

Consider an economic system where individual unit it appears within group t. Suppose there
are T groups, and A; individuals within any group ¢, where A; = A1t~°. Now, consider a model
where y;; = 0 + €;; for some parameter 6, with €;; = n;; + 4. Suppose that the error terms {n;},
{v} are mean-zero and mutually independent, with identical variances for each error term (though

possibly different variances between them): V [n;] = a,% for all it, and V [vy] = o2 for all t. Now,

'Based on a review of every available paper listed in https://ideas.repec.org/ as citing Dickins (1990).
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suppose that we wish to estimate 6, but only the group-wide average ¥, is observed, where

1
Y = a4 Z Yit- (2)

As an example, # may be underlying ability on a test, which is equal for all individuals. However,
when taking the test, individuals’ scores may vary from 6 for two reasons: first, due to random
variation at the individual level (because the test is not perfect, so there is measurement error);
and second, due to factors that vary at the city level and affect test scores, such as the education
system. Scores are only observed by the econometrician as an average at the city level.

We now define

11 &
=A7 — it
U3 tAt;T/t (3)

so that {n;} are homoskedastic with variance V [r;] = o7. Using this definition, we can rewrite

Ay
ye = 0+ A7 (mie +m1)
i=1
= 9 + Et (4)

N[

where ¢; = A, 2 + 1.
Setting A1 = 1 (without loss of generality, as this simply involves a change in 0727), we can now
write

€t — t%nt + Vg. (5)

The first term in this sum will have a smaller variance for larger groups (that is, those with smaller
values of t) relative to smaller groups.

In Sections 3 and 4, I examine the properties of the sample average (OLS in this setting) and
the average weighted by A; (WLS). I show these properties as conditions on the parameter s, where
higher s indicates more extreme heteroskedasticity. Interestingly, the frequently-seen s = 1—the
value for cities and firms, for example—is a particularly complicated value: for many of the theorems
below, s = 1 is an edge case between useful asymptotic results and the lack thereof. In this case,
even if these results hold for s = 1, estimates may converge very slowly to their limits, which can
also cause problems in practice, where sample sizes are not infinite. Of course, real-world data will
not perfectly obey a power law; in this case, the following theorems can be used as approximations

to the true behavior of the estimators.



The asymptotic results presented in this paper assume that the variance of €; is fixed, and
as the sample grows, later observations have progressively larger variances. However, asymptotics
could work differently; for example, the variance of the ey could be fixed, so that as the sample size
grows, the variance of €; would shrink. I discuss that possibility in Appendix Section B; essentially,
OLS and WLS estimators will be consistent under that asymptotic assumption, but conclusions in
this paper about asymptotic normality or the consistency of estimators for the standard errors will

remain unchanged.

3 Standard unweighted parameter estimates

Often, a researcher will attempt to estimate 6 as an unweighted mean,

N

A 1 & 1 &
Quw ;yt = 9+ th_; (téT]t—FVt) . (6)

This unweighted estimate may be made, for example, if the functional form of the heteroskedasticity
(the A; in this example) is not known a priori. In this section I will show that, under general
conditions, a necessary and sufficient condition for Oy 2> 0 is that s < 1. Regardless of consistency,

though, T generally asymptotically normal, and usual standard error estimators are consistent.

Theorem 3.1. Suppose éuw is defined as in Equation 6, where n; and vy are mean-zero, indepen-

2

5 and o2, respectively. If s < 1, then

dently distributed, and homoskedastic with finite variances o

Ouw = 0. If additionally {n}?} and {v}} are each uniformly integrable; 03] > 0; and s > 1; then

éuw 72> 0.
Proof. See Appendix Section A. O

Thus the unweighted estimator will not generally be consistent if s > 1. Figure 1 plots the
variance of the unweighted estimator, V [éuw} = ;—’22’ Zthl 5+ % As seen in that figure, for
s > 1, each additional observation actually makes the estimator worse. Even with s = 1, having
an infinite number of observations leads to an estimator with about the same variance as if there
are two observations with s = 0 (that is, with homoskedastic errors).

However, if both #? and v? are uniformly integrable, then 0y will be asymptotically normal
for any s. To prove this, I will use the following lemma, which will also be used later in this paper.

It may also be useful in applying these results to populations that do not obey a power law.



Figure 1: Variance of the OLS estimator
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Notes: Variance is shown as sample size increases, with various values of s, setting 072] =1 and 62 = 0.
Additional data are assumed to be added from most accurate to least accurate.

Lemma 3.2. Suppose {€;} are mean-zero, independently distributed, homoskedastic random vari-
ables with finite variance o?. Further, suppose {€2} are uniformly integrable, and that there is some

function g(T') such that, for all T, g(T) # 0; and a function f(t) such that

lim sup LOQ =0. (7)

o0t Yooy f(s)?
d
Define X1y = g(T) f(t)e;; St = Zthl Xri; and s3 = Zthl V[X7¢]. Then f—; — N(0,1).
Proof. See Appendix Section A. O
Using this lemma, we can now prove the following.

Theorem 3.3. Suppose Ouy is defined as in Equation 6, where n; and vy are mean-zero, indepen-

2

dently distributed, and homoskedastic with finite variances o

and o2, respectively; and that {n?}

~

and {v}} are uniformly integrable. Then g(T) <9uw - (9) 4N (0,1) for some function g(T).

Proof. See Appendix Section A. O

Thus we know that (V [éuw] ) K (éuw — 9) AN (0,1). However, V [éuw} is usually not known

a priori. Thus to perform inference, we must find some feasibly estimated V such that [L 51,

|

using Slutsky, we can then show that V-3 (éuw — 0) AN (0,1).



If s > 1, the estimates themselves will not converge, so the standard proof that heteroskedasticity-
robust standard errors are consistent does not go through. However, if n; and v; have finite kurtosis,

then these estimated standard errors will indeed be consistent.

Theorem 3.4. Define ¢, = y — éuw, and V = %% Zthl €2, As above, suppose that Oy is

defined as in FEquation 6, where ny and vy are mean-zero; independently distributed; homoskedastic

v D,

with finite variances 0,27 and o2, respectively; and have uniformly bounded kurtosis. Then Toua] = 1.
Proof. See Appendix Section A. O
4 Standard weighted parameter estimates
In empirical work, researchers often use population weights. That is, they estimate
1 T
s = A (8)
pw T Z tYt
thl A t=1
_1
Continuing to assume that y; = 0 + A, *n: + 14, and A; = A1¢t7%, this becomes
1 T
gpw =0+ 7 . s Z (tiiﬁt + tiSVt> . (9)
2= 1715

Under suitable regularity conditions, a necessary and sufficient condition for consistency is that

s < 1.

Theorem 4.1. Suppose épw is defined as in Equation 9, where n; and vy are mean-zero, indepen-
dently distributed, and homoskedastic with finite variances 0727 and o2, respectively, at least one of

which is non-zero. Then épw 20 if and only if s < 1.
Proof. See Appendix Section A. O

Some caution should be taken in interpreting the lack of convergence of the 7, term. This is
because the motivation for the 7; terms is from measurement error, which might be quite accurate
due to the law of large numbers. In fact, the WLS estimate is numerically identical to the mean
of all observations in all cities; so if the only error is from idiosyncratic individual-level differences,
rather than city level variation, then the law of large numbers may approximately apply to this

error. Lack of convergence is therefore more interesting and useful for the v; term.
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Figure 2: Variance of the WLS estimator

(a) Setting o7 =1 and of =0 (b) Setting o7 =0 and o = 1
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Notes: Variance is shown as sample size increases, with various values of s. Additional data are assumed
to be added from most accurate to least accurate.
Despite the lack of convergence for the weighted estimator, it has some properties that are

. -1
desirable. Figure 2 shows the variance of the WLS estimator, V [pr} = 0'% (Zthl t_s> +

o2 (23:1 t_s> - Zle t=25. For any s, adding more observations always improves the accuracy (as
measured by the variance of the estimator). In fact, if a,% = 1 and 02 = 0, then this weighted
estimator is generalized least squares, so épw is also the best linear unbiased estimator by the
Gauss-Markov theorem.

In addition to the lack of convergence, the weighted estimator will often fail to be asymptotically

normal. The following lemma, a partial converse of Lemma 3.2, will be useful in proving this.

Lemma 4.2. Suppose {€;} are mean-zero, independently distributed, homoskedastic random vari-
ables with finite variance o2 > 0. Further, suppose there is some function g(T) such that for all T,

g9(T) # 0; and a finite-valued function f(t) > 0 such that

: f(1)? 2
lim ——————=(C 10
Tooo ST f(1)? 1o

for some finite constant C > 0. Define X7 = g(T) f(t)er; ST = 23:1 Xri; and s2 = Zthl V[ X1y

S

Then S—; is not generally asymptotically normal, in the sense that, for all t, holding fixed the

distribution of {er} for k # t, there is at most one distribution of € for which f—; L\ N(0,1).

Proof. See Appendix Section A. O

Essentially, this lemma says that a sum satisfying certain conditions will converge to a normal

distribution only if the summands have a particular relationship (for example, if all summands are

11



already normal). The following theorem shows that this lemma applies to the weighted estimator

for certain values of s.

Theorem 4.3. Suppose épw is defined as in Equation 9, where {m} and {v} are mean-zero;

2

y and o2, respectively, with at

independently distributed; and homoskedastic with finite variances o
least ome strictly greater than zero; and {n?} and {v?} are uniformly integrable. If s < %, then
épw is asymptotically normal (with suitable normalization). If% < s<1, then épw is generally (in

the sense of Lemma 4.2) asymptotically normal if and only if 0,27 > 0. If s > 1, then épw s not

generally asymptotically normal in the sense of Lemma 4.2.
Proof. See Appendix Section A. O

The extent to which the central limit theorem fails to apply can be inferred from excess kurtosis
(bpu—0)"
V[bpw]”

the weight on the tails of the distribution, which determines the extent to which p-values based on

of the estimator, defined as E { } — 3. Excess kurtosis gives us a rough understanding of
a normal approximation will be accurate (assuming accurate standard errors). When the central
limit theorem applies, excess kurtosis will converge to 0, the value for a normal distribution. The
following propositions calculate excess kurtosis in this setting, defining H,(T') = Zthl t~* (and

suppressing the argument for simplicity).

~ 4
Proposition 4.4. Define n% = E(U?). Ifo2=0,E [(9"’”_92} -3 = (/44 — 3) %

0;47 \% [épw]

Proof. See Appendix Section A. O

o 4 _ B 2 _ (9pu—0)" _ (4 Has
Proposition 4.5. Define kj, = el Ifo,=0,E [Vp[épw]Q — 3= (K — 3) s,

Proof. See Appendix Section A. O

Excess kurtosis for various values of s is shown in Figure 3. For s = 1, excess kurtosis of the
vy term with infinite observations is approximately equal to excess kurtosis where s = 0 (that is,
homoskedasticity) and 3 data points. Thus if we do not think that the sum of 3 homoskedastic
variables will be sufficiently normal, we should not think that the sum of an infinite number of
s = 1 extreme heteroskedastic errors will lead to a sufficiently normal estimator.

One important note is that, although the distribution of the 7, term may fail to be generally
normal, it may in fact be close to normal. This is because the 7, terms themselves often come from
a measured variable, which might be approximately normal due to the central limit theorem. (This

is related to the note, above, that lack of consistency for the 7; term is somewhat misleading.) As

12



Figure 3: Excess kurtosis of the WLS estimator

(a) Setting o7 =1 and of =0 (b) Setting o7 =0 and o = 1
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Notes:  Excess kurtosis is shown as sample size increases, with various values of s. Additional data
are assumed to be added from most accurate to least accurate. When the central limit theorem applies,
excess kurtosis converges to 0, the value for a normal distribution. In both graphs, excess kurtosis of each
n or v is assumed to be 1.

with consistency, then, the lack of asymptotic normality is more interesting and useful for the v,

term.

2:

Asymptotically, non-normality with % < s < 1 only occurs when oy,

0, because the 7; term
dominates the error otherwise. However, it is possible that 0'% will be non-zero, but small enough

that the {14} terms will dominate the error for a finite number of observations. In this case, it

is possible that the asymptotics based on O’% = 0 will come closest to approximating the true
distribution.
A final question is whether standard errors will be consistent—that is, whether ﬁ TN 1,
pw

where V is the standard heteroskedasticity-robust standard errors. Where the estimator is asymp-
totically normal, this is clearly an important question. If the estimator is non-normal, even perfect
standard errors should be interpreted cautiously, as the usual use of standard errors in testing is
based on (asymptotic) normality. Still, correctly-estimated standard errors could at least give an
idea of the dispersion of the distribution of the estimator. In fact, usual standard error estimators
may not be consistent either. To explore the distribution of these standard errors, I begin with

their expected value.

. . -2
Proposition 4.6. Define ¢ = y; — Opy, and V = % (Zle t*s) Z;le t=25¢2.  As above,

suppose that épw is defined as in Equation 9, where ny and vy are mean-zero; independently dis-

tributed; and homoskedastic with finite variances U% and o2, respectively. Then E [V[(‘;J =
pw

T _102Has+02Has _9

T-1 <1 — 2H; U%HeragHQS + H H2S)-
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Figure 4: Expected difference between estimated and true variance of the WLS estimator

(a) Setting o7 = 1 and o7 = 0.

b) Setting 02 = 0 and o2 = 1.
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Additional data are assumed to be added from most accurate to least accurate. Note that high values in
this graph mean the estimated variance is smaller than the true variance. s = 0 is not shown because for

=1

} - 1). Expectation is shown as sample size increases, with various values of s.

that value, E {%

Proof. See Appendix Section A. O

The rate at which E [V[g/pwd converges to 1, for various sample sizes and with different values
of s, is shown in Figure 4. Note that higher values indicate that V is more of an underestimate.
Therefore, in that figure, we see that expected value of estimated standard errors are always smaller
than the true standard deviations, and that the expected value only converges slowly to the truth,
particularly for homoskedastic errors.

In fact, for the heteroskedastic n term, this expected value converges to 1 if and only if s < 1.
For the homoskedastic v term it converges to 1 if and only if s < % (As with normality, in small
sample, convergence of the estimated variance may closely approximate the worse homoskedastic
case if the {11} terms dominate even if O’% > 0.) As demonstrated in the following theorem, in cases

v

V[0puw]
standard errors provide little reliable guidance on the standard deviation of estimators, causing

of non-convergence, is a nondegenerate random variable even in the limit, so in those cases

problems with inference. Simulations, shown in Section 6, demonstrate this issue in small sample.

~

Theorem 4.7. Define ¢ = y; — Opw, and v=1=L

-2
= pg (Zle t*5> ST 725, As above, suppose

that épw is defined as in Equation 9, where ny and vy are mean-zero; independently distributed;

2

, and o2, respectively, at least one of which is non-zero; and

homoskedastic with finite variances o

have uniformly bounded kurtosis. If s < %, then % 5. If% < s <1, and additionally vy takes
pw

14



on at least 3 values for some observation t, then % 21 if and only if 0727 > 0. If s > 1, then
pw

v
x does not converge.
V[opo] g
Proof. See Appendix Section A. O

To understand the extent to which V remains a random variable as the sample size increases,
v
V{6pu |

Figure 5 plots the variance of for various values of s. Interestingly, for homoskedastic

—V__| is largest for s = 1, suggesting that s = 1—a
V{bpw|

particularly common value of s—leads to standard errors that are particularly random. Note that

errors, among the values of s shown, V [

14

for s = 1, not only is the variance of Vo] quite large, it only gets larger as the number of
pw

observations increases. Higher moments (for example, skewness and kurtosis) of % are also
quite extreme, so outliers are common. For example, in a simulation of WLS from Section 6, using
1,000 homoskedastic exponentially distributed v terms, the 5th and 95th percentiles of % are
.17 and 2.6, respectively. In other words, in 5% of simulations, estimated variance is about six times
smaller than the true variance. In this setting, estimated standard errors may still be somewhat
useful for inference, as discussed in Section 6, but they are essentially uninformative about the true
standard deviation of the estimators. In Section 6, I also show that HC3 standard errors improve
inference, particularly for a regression coefficient. However, even HC3 standard errors are similarly
inaccurate—they are just larger on average. For example, in a simulation of WLS in a simple
regression with HC3 standard errors, using 1,000 homoskedastic exponentially distributed v terms,
the 5th and 95th percentiles of % are .16 and 3.3, respectively.

Some researchers will estimate both OLS and WLS and choose to report the results from the
estimator with the smaller standard errors. In addition to the usual problems with pre-testing, the

lack of consistency of standard errors means that there is no reason to believe that the researchers’

choice will reflect the most accurate estimator.

5 Quasi-maximum likelihood

In Sections 3 and 4, we saw that in cases where data follow a power law, estimators face the
most severe issues when the wrong one is used. For example, OLS is inconsistent only when
errors are heteroskedastic, while WLS faces worse problems when errors are homoskedastic. A
natural estimator, then, is one that defaults to the appropriate estimator in the homoskedastic

and heteroskedastic cases while also optimally weighting for intermediate cases. Quasi-maximum
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Figure 5: Variance of ratio between estimated and true variance of the WLS estimator

(a) Setting o7 = 1 and o7 = 0. (b) Setting o7 =0 and o} = 1.
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Notes: V [ﬁ] . Variance is shown as sample size increases, with various values of s. Additional data
pw

are assumed to be added from most accurate to least accurate. In Figure 5a, excess kurtosis is taken to be
0, as if  are normally distributed. In Figure 5b, excess kurtosis is taken to be 6, as if v are exponentially
distributed.
likelihood (QML), in which both {n;} and {14} are modeled as normal random variables, is a natural
choice in this setting. I should note that, in cases when consistency and asymptotic normality fail
with OLS and WLS estimators, I likewise cannot prove such large-sample properties with QML.
However, in small-sample simulations, QML performs substantially better than either; see Section
6.

This QML estimator also has the advantage of being helpful even in settings where large-
sample theory does apply. In many empirical settings, researchers are left wondering whether to
use weights. This QML estimator can improve precision in such settings.

Some researchers may prefer weighted estimators to QML because they are concerned about
heterogeneity and wish to estimate a population average partial effect. However, as noted by Solon
et al. (2015), weighting by population also will not result in an estimator for the population average
partial effect, even without the heteroskedasticity discussed here. Given that neither estimator will
result in the desired outcome, it is reasonable to use the more precise estimator that can result in
better inference.

This QML estimator is based on limited information maximum likelihood (LIML), which can be
used in both single-equation settings (analogous to OLS) or multiple-equation settings (analogous

to two-stage least squares). Suppose we have a system of N equations and 7" observations, where
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observation ¢ has weight A;. We will write equation ¢ for observation ¢ as
Yii = 21;0i + €4, (11)

where some of the variables z;; may be endogenous. We will assume the error term for observation
t in equation ¢ is

1
€ = Ay 20 + v, (12)

where all random variables {n;;} and {1} are independent from each other, except that within an
observation, but across equations, the 1 terms may be correlated with each other, and the v terms
may be correlated with each other. Note that this specification allows for some equations to be
homoskedastic and others to be heteroskedastic within the same model.

If we further assume that, for a given observation ¢, all 7;; are jointly normal, and all v;; are
jointly normal, then the non-constant part of the objective function for LIML, following Hayashi

(2002, p. 539), is

T
1
~57 > (%) + €2 e (13)
t=1
where €; is a matrix of error terms €;;, and X is the covariance matrix of €;, with diagonal elements

Et,ii = At_la%ﬂ- + 0'371- (14)

= At_1 exp(sy,i) + exp(su,) (15)

where we define s, ; = ln(afm) and s,; = In(o? i) for computational reasons. Off-diagonal elements

are

Et,i#j = A;1COV (T}Z’, 77j) + cov (l/i, I/j) (16)

= A; loyiop jcorr (05, n;) + ovioujeort (v, v)) (17)

= Ar'yJexp(sy) exp(sy,;) (2 invlogit (cyi7) — 1)

—i—\/exp(s,,,i) exp(sy,5) (2 invlogit (c,45) — 1) (18)

where we define ¢, ;; = logit ((corr (n;,n;) + 1) /2) and ¢, ;; = logit ((corr (v;, ;) + 1) /2), again for

computational reasons.
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In usual use, LIML is estimated using a closed-form expression by concentrating out ¥ (David-
son and MacKinnon, 1993, p.639-649). Such a trick is not possible in this setting because X
does not consist of primitive parameters and also because it varies by observation ¢, so g—é is not
a meaningful concept. Parameters are therefore estimated by maximizing the full log-likelihood
function.

This QML estimation technique is performed by the new Stata command “regoptwgt,” which
I detail in Appendix Section C.

6 Simulations

In this section, I perform Monte Carlo simulations of various estimators under differing levels of
heteroskedasticity. I focus on the situation where s = 1, because that is a frequently occurring
parameter (holding for cities and firms, for example); because it is a particularly difficult situation
to understand theoretically, as it is an edge case between many asymptotic results holding and not;
and because it is a situation in which the usual estimated standard errors have particularly poor
behavior, as noted in Section 4. I simulate the following model with T = 1,000 observations and

use various estimators for the expected value E[e]:

e = k2tin, + v (19)
ne ~ N(0,1) (20)
v ~ Exp(1) — 1 (21)
HQ?(I)Q _ 1
__ HM? T el
k= e , (22)
H_Tg2(T) _ HS(T),l

where h is the level of heteroskedasticity on the x-axis and ®~!(-) is the inverse of a standard
normal CDF. Note that k is chosen such that heteroskedasticity is defined by h = ® (ln (%)),
where R? is the variance ratio that would cause V [éuw] =V [épw} . This means that the root mean
squared (RMS) error of the unweighted and weighted estimates of an average should be exactly
equal when h = .5.

Based on simulations, the QML estimator performs better than OLS or WLS under a range
of levels of heteroskedasticity. Figure 6 shows the RMS error of OLS and WLS relative to QML,

while Figure 7 shows the actual size of estimated 95% confidence intervals for each technique. The

RMS error of WLS is over 5 times higher than OLS or QML under homoskedasticity, while the
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Figure 6: Relative root mean squared error in simulations estimating an average
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For each simulation, there are 1,000 observations where 7, ~ N(0,1) and vy ~ Exp(1) — 1.

RMS of OLS is almost 2 times higher than either WLS or QML under full heteroskedasticity. As
expected, confidence intervals are correctly sized for OLS and close to correct for QML, while tests
with nominal 5% size using WLS have actual size around 12%. Interestingly, confidence intervals
for WLS are slightly incorrect even when errors are fully heteroskedastic—that is, when WLS is the
best linear unbiased estimator—supporting the theoretical results above for the case where o2 = 0.

Given the failure of the central limit theorem and inconsistency of WLS standard errors, it
is perhaps surprising that confidence interval problems are not more severe. From examining
simulation results, it appears that when an estimator has an outlying value, the standard error
often is larger than usual, which keeps rejection rates closer to nominal than might be expected.
This does mean, however, that in this setting, standard errors should only be considered as building
blocks of confidence intervals rather than taken at face value as the standard deviation of the
estimator.

Appendix Section D presents the results of similar simulations for a regression coefficient and
a coefficient estimated with instrumental variables (IV); the size of confidence intervals of different
nominal sizes; the size of confidence intervals estimated using different techniques; and similar

results when s = 2. In graphs showing size, the line marked “Disaggregated, CV1” simulates the
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Figure 7: Size of nominal 95% confidence intervals in simulations estimating an average
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CDF of a normal distribution. For each simulation, there are 1,000 observations where n: ~ N(0, 1) and

vy ~ Exp(1) — 1.

(M) where h is heteroskedasticity and ®(.) is the

setting described at the start of Section 2 without aggregating to the group level; instead, errors
are clustered using CV1. Estimates will be the same as the weighted results; however, I also find
that test size is nearly identical to the weighted case. (Interestingly, an exception is the size of
a disaggregated test of an IV coefficient when 7 = 0.) The similarity shows that the decision to
aggregate to the group level changes little about the problems discussed here. It also indicates that,
more generally, problems with HC1 heteroskedasticity-robust standard errors are closely related to
problems with CV1 cluster-robust standard errors: in some settings, they produce nearly identical
results if data are aggregated.

In general, more advanced inference methods improve inference even though, as noted in Section
4, standard errors from them are also inaccurate. HC3/jackknife estimators modestly improve
inference on an average and greatly improve it for a regression or IV coefficient. Wild cluster
bootstrap of the disaggregated data (using code from Roodman et al. (2019)) performs very well
in almost all settings. Results for regression and IV coefficients are broadly similar to results for
an average, justifying my use of the average in theoretical work. Interestingly, confidence intervals

for the constant term in a simple regression display more severe issues; however, I do not include
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them in these simulations because they are rarely used in practice. Problems with accuracy and
inference are substantially more severe when s = 2; for example, average and regression coefficients
can be as much as 15 or 20 times less accurate, while IV coeflicients can be substantially worse
(likely because of weak instruments). Further, confidence intervals with nominal size of 5% can

have actual size above 40%.

7 Replication

To examine how these issue might affect real-world research, in Table 1, I replicate key results
from two highly-cited labor economics papers that examine the effect of increasing imports from
China on labor market outcomes (Autor et al., 2013) and political polarization (Autor et al., 2020)
in the United States. Both papers use variation at the level of commuting zones and weight by
some measure of the population in each zone. In urban areas, these zones roughly correspond to
metropolitan areas, and they demarcate somewhat self-contained labor markets. The populations in
these zones roughly follow a power law, so results from those papers are vulnerable to the critiques
discussed here.

In the first two rows, we find the main results from Autor et al. (2013), who report that
$1,000 of increased import exposure per worker causes manufacturing employment per working-age
population to drop by 0.6 percentage points. Using QML, I find an estimate only half as large (0.3
percentage points), an economically significant difference. However—likely because the baseline
statistic is so highly statistically significant (with a t-statistic of around -6), the QML estimate is
also statistically significant at conventional levels (with a t-statistic of around -3), though it is less
significant.

Changes in point estimates are similarly large for Autor et al. (2020), while changes in inference
are more severe.”? Their Table 3 examines effects on campaign contributions. Panel A of that
paper reports that import exposure significantly increases donations; using QML, I find results
that are only one-third as large, and not statistically significant. Panels B, C, and D report effects
on contributions from left-wing, moderate, and right-wing donors, respectively. Autor et al. (2020)
report large and significant effects for both non-moderate types of donors; the effects on these
donors using QML are about half as large, and much less statistically significant. Table 4 of Autor

et al. (2020) examines results of congressional elections. Column 1 reports that import exposure

2Data from Autor et al. (2020)’s results using Pew and Nielsen data was not publicly released, so I do not replicate
them here.
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significantly increases voter turnout in these elections; using QML, effects are only about one-
third as large, and not statistically significant. Columns 2 through 5, on Republican vote share
in various types of districts, show no significant effect in the original table. Column 6 shows that
import exposure causes an increased probability of Republican victory; with QML, the effect is
somewhat smaller and less significant. Finally, Table 5 of Autor et al. (2020) examines results of
presidential elections, between 2000-2008 (Panel A) or 2000-2016 (Panel B). In both cases, with
QML, the results are substantially smaller and less statistically significant.

Broadly, these results show that the type of extreme heteroskedasticity presented in this paper
can have important effects on estimates and inference in real-world analysis. Standard errors are
almost always smaller using QML than with the weighted estimators. When the absolute value of
t-statistics from conventional WLS are very large (as with the value of around 6 for Autor et al.
(2013)), the QML correction is unlikely to undo statistical significance. However, estimates may be
substantially different, and even estimates with p-values below 1% may no longer be statistically

significant with that correction.

8 Concluding remarks

Power laws occur frequently in economic applications. The size of firms and cities approximately
obey power laws, as do the size of stock market trades and short-term returns, as well as many
other quantities. If accuracy of observations is related to size—or if the econometrician estimates
parameters assuming it is—then the variance of observations will also obey a power law. Traditional
least squares tools can lead to inconsistent estimators and unreliable inference if this extreme
heteroskedasticity is present. Problems are most severe when the wrong estimator is used—OLS
under heteroskedasticity and WLS under homoskedasticity.

To fix this issue, I propose a QML estimator that can select between weighted and unweighted
estimators, as well as intermediate estimators, and for multiple-equation models can even use
weighting for some equations and no weighting for others. This estimator, which can be used
as the “regoptwgt” command in Stata, is generally applicable to settings where a researcher is
considering using weighted estimators to improve precision.

Many of the problems identified in this paper are most severe for high values of s—for example,
in the size of stock trades (s ~ 1.5) or short-term stock price changes (s ~ 3). However, they may

be a particularly complicated issue for studies that use observations at the level of cities or firms,
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Table 1: Replication of Autor et al. (2013, 2020)

OEENC) (3) 4 (6 © ™ (8)
Col

or Use P

Paper Table Panel QML Est. S.E. t-stat Value

Labor 3 6 N -0.60 0.10 -6.04 0.000

Y -0.30 0.10 -2.98 0.003

Polarization 3 A N 37.23 21.05 1.77 0.077
Y 12.70 15.91 0.80 0.425

Polarization 3 B N 71.00 31.06 2.29 0.022
Y 41.92 22.90 1.83 0.067

Polarization 3 C N 23.60 19.63 1.20 0.229
Y 4.42  14.03 0.32 0.753

Polarization 3 D N 46.05 27.15 1.70 0.090
Y 20.92 19.57 1.07 0.285

Polarization 4 1 N 5.27 1.94 2.72 0.007
Y 1.87 1.73 1.08 0.280

Polarization 4 2 N -1.08 5.98 -0.18 0.856
Y -3.75  5.45 -0.69 0.491

Polarization 4 3 N -0.95 1.80 -0.53 0.599
Y -1.11 1.09 -1.02 0.307

Polarization 4 4 N 6.10 4.93 1.24 0.216
Y 2.86 3.98 0.72 0.472

Polarization 4 5 N -6.24 3.93 -1.59 0.112
Y -5.53 4.38 -1.26 0.207

Polarization 4 6 N 24.08 12.07 1.99 0.046
Y 17.40 9.81 1.77 0.076

Polarization 5 A N 1.59 0.85 1.86 0.062
Y 1.02 0.66 1.55 0.121

Polarization 5 B N 1.71 0.90 1.89 0.059
Y 1.05 0.64 1.63 0.102

Notes: This table replicates results from Autor et al. (2013, 2020), using weighted instrumental variables
(as in those papers) or QML (as suggested in this paper). Column 1 indicates whether results come from
Autor et al. (2013) (“Labor”) or Autor et al. (2020) (“Polarization”). Column 2 indicates the table of
the result. Column 3 indicates the column or panel of the result. Column 4 indicates whether the result
uses QML; “N” indicates the result is the same as the original, published version. Column 5 presents the
point estimate. Column 6 presents the standard error. Column 7 presents the t-statistic (the estimate
divided by the standard error). Column 8 presents the p-value of a test for the statistic being equal to
Zero.
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including many staggered-rollout studies and those with Bartik instruments. In these cases, unit
size approximately follows a power law with s = 1, which is an edge case in many proofs. In this
case, OLS estimates will not generally converge to the truth; instead, the variance of the estimator
converges to a non-zero constant. On the other hand, the WLS estimator will converge to the
parameter of interest, but slowly, because s = 1 is an edge case: if s = 1+ € for any € > 0, then the
WLS estimator does not converge, even for € — 0. Additionally, WLS for s = 1 can cause particular
problems with inference if the actual heteroskedasticity is small—for example, if we weight by city
size, but estimates are just as accurate for small as large cities. In this case, asymptotic normality
no longer holds in general and estimated standard errors are not consistent for the true standard
deviation of the estimator—in fact, their variance relative to the truth is particularly high with
s = 1. Because of this, estimated confidence intervals may no longer have the correct size.

In practice, the impact of power laws on precision and inference may also cause important issues
in an instrumental variables setting where the first stage is in danger of being weak. Incorrectly
using weighted or unweighted estimators could lead to problems with weak instruments in cases
where QML would not. (We avoid this issue in simulations by using only strong instruments when
instrumental variables are used with s = 1, though the instrument is likely weak with s = 2,
where weak instruments are harder to avoid.) Further, incorrect inference may mean that a weak
instrument would be erroneously categorized as strong. That is particularly true because, as seen
in Appendix Section D, the actual size of confidence intervals differs most from nominal when
the nominal size is small. Testing for instrument strength requires tests with very small size: for
example, an F-statistic of 10 (the usual rule-of-thumb) corresponds to a p-value of around 0.0016,
and some recent literature suggests even larger F-statistics. (However, Andrews et al. (2019)
caution that such pre-tests can be problematic for other reasons anyway.)

When encountering data that follows a power law, a few best practices will help researchers.
If possible, using QML via regoptwgt or a similar methodology seems to solve most of the prob-
lems identified here. If that is not possible, trying both weighted and unweighted estimators may
eliminate the worst-case scenario of using the wrong estimator—except in multi-equation models
when some equations should be weighted and some should be unweighted. Researchers should also
be careful not to simply choose the estimator with the smaller estimated standard error, because
standard errors in this setting can be uninformative about the accuracy of the estimators. Using
unweighted as a default may be preferable, as inference is never compromised and with s = 1

it has superior worst-case precision relative to QML (twice as bad rather than five times worse).
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Researchers would also be well-served by not simply relying on Stata’s default heteroskedasticity-
robust or cluster-robust standard errors, instead using more modern techniques like HC3 /jackknife
or bootstrap estimators.

Power laws are common in economics, and they can lead real-world data to be highly het-
eroskedastic. When it arises, researchers must take this heteroskedasticity into account if they

hope to report precise estimates and accurate inference.
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A Mathematical appendix

This section includes proofs for the theorems, propositions, and lemmas in the text.

Theorem 3.1.

Suppose Oy 15 defined as in Equation 6, where n; and vy are mean-zero, independently distributed,

2

» and o2, respectively. If s < 1, then Ou > 0. If

and homoskedastic with finite variances o

additionally {n?} and {v}} are each uniformly integrable; o7 > 0; and s > 1; then Ouw > 0.

Proof. (Convergence if s < 1) Using Chung (1974), Theorem 5.4.1, Corollary i (p. 125), a sufficient

condition for éuw 2 9 is that

T

Tlféoz t%IE [(tém + utﬂ < 0. (23)

(In fact, this is sufficient for almost sure convergence.) Because 7; and v are independent and have

mean zero, we have

T T
. 1 s 2 2 s—2 , 2 —2
:Flgréo t—2E [(tznt—i-ut) } —Th_rgo {UnZt —l—UVZt . (24)
t=1 t=1 t=1
The sum on the left converges if s < 1, and the sum on the right always converges. To see this,
note that by the definition of an integral as the sum of the area under a curve, for p < —1,

T T-1 1 P
> o< 1+/ Pdt = ——(T —1)PT 4 ——. (25)
= 1 p+1 p+1

Proof. (Non-convergence if s > 1) Using the methodology from the proof above, it is clear that
the average of the vy terms converges. Thus a sufficient condition for non-convergence of O is
non-convergence of the average of the ¢27; terms.

Setting 02 = 0 for convenience, we have V [éuw} = 0727% Zthl t5. Thus for s = 1, we have

\% [éuw} — (' for some constant C'; and for s > 1, we have V [Huw} — 00. In either case, if éuw N 0,

_1
then by Slutsky we would have (V [GuwD 2 <9uw - 0) 2 0. But by Theorem 3.3, below (which

1
does not use this result), (V [éuwD : (Guw — 0) A N(0,1), a contradiction. O
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Lemma 3.2.

Suppose {€;:} are mean-zero, independently distributed, homoskedastic random variables with finite
variance o2. Further, suppose {2} are uniformly integrable, and that there is some function g(T)

such that, for all T, g(T) # 0; and a function f(t) such that

lim sup & =0. (26)

Tovoo i<t Y14 f(5)?
Define X = g(T)f(t)er; Sp = S0 Xope; and 53 = 31, V[ X1 Then r 4 N(0,1).

Proof. 1t is sufficient to prove that the Lindeberg condition applies with the assumptions above.

That is, for all ¢ > 0, we must prove that

s Tt Tt> _
L_TlglgoZ/ ]1[ c} dP = 0. (27)

Note that s2. = a2 Y1, g(T)?f(t)%. All g(T) functions thus cancel out from Equation 27. Define

2 -1
alt,T) = (%) , and o(T") = inf;<p a(t,T). Then

L:;zzlLOOZ Zf / 21]e > a(t,T)] dP

g%h Zf / 21]e > o(T)] dP

o T%ooz
< L lim sup [ €T [62 > o(T)] dP
- zTﬁoo t t t=
1 21 [ .2
= = ah_>rro10 sgp/etﬂ [, > a]dP =0. (28)

The first inequality is by definition of «(T); the second inequality is from noting that the term is
a convex combination of the positive-valued integrals; the final line’s first equality is from noting
that lim7_, a(T) = oo by the assumption in Equation 26 and using the fact that f(¢)? > 0; and
the final equality is from the assumption of uniform integrability. (Note that the first equality of
the final line is only an equality on the condition that the second limit converges; but it so does by

assumption.) O
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Theorem 3.3

Suppose O is defined as in Equation 6, where ny and vy are mean-zero, independently distributed,
and homoskedastic with finite variances op and o7, respectively; and that {n?} and {v7} are uni-

formly integrable. Then g(T) (éuw - 0) LS\ (0,1) for some function g(T).

Proof. First, note that Oy — 0 = Zthl %tgm + Zthl %Vt. I will prove that each term converges
to a normal distribution; the sum of independent normals is normal, so the sum also converges to

a normal distribution. Using Lemma 3.2, I only need to prove that, for s > 0,

tS

lim sup—— = 0. 29

T—00 1< Zstl s (29)
Note that for s > 0, we have Zthl s > fOT t8ds = SJ%ITSH, so the limit in Equation 29 is
lim7 o0 (s + 1)T7 1 = 0. O
Theorem 3.4

Define ¢, = 1y —éuw, and V = %% Zthl 2. As above, suppose that Oy i defined as in Equation
6, where n; and vy are mean-zero; independently distributed; homoskedastic with finite variances 0727
14 ] 2.

and o2, respectively; and have uniformly bounded kurtosis. Then Voun]

v

Proof. If 0727 = 0, then this is OLS in a homoskedastic setting, so clearly standard errors are
consistent. If 0% > 0, then as t — oo, the n; term dominates both the variance of the estimator,

and estimated variance; for simplicity, I will therefore only consider this term.

T

7—1 — 1, so using Slutsky I will ignore this.

For estimated variance, we have

1 & 1 & ’
& = t*n; — 275577tf E P21 + (T E i277i> (31)
1 & 1(1& ’
V=2 i <T Z”m) .
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From Theorem 3.3, we know that

) 1 T \ 7% 1 T R d
t=1

t=0

Note that the true variance is given by V [éuw} = 0,27% Ethl t5. Denote the first term of V
in Equation 32 as Vl and the second term as Vg, soV = Vl — ‘72 Then squaring the formula in

Equation 33,

0
(V [éuwbil x T x Vq E>X2, (34)

~

-1 .
and so (V [OUU}D Va0 by Slutsky. I therefore only need to show that

which I will do by showing that it has expectation 1 and variance converging to 0. First,

1 X -1 T
o) () (o) (o)

Second, defining /177 = sup, V[n?], which exists by assumption, we also have that

T T
1
Vi Zt%ﬁ] <Ry Ty 17, (37)
t=1 t=1

() (FEed)| = () (5)

T - T+1 4 2
+1) B
t5d t?sd I S Ts+1 2 T 1 2541
(/0 S) </0 S) %23"‘1( D

(s+1)2 (T+1\* |
T 0 38
2s+1 T Y (38)

and thus

\%

—
3%‘:»

IN

Q

:q ‘ = 9 ‘ =
SSe Sh(Se
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where the inequality between summation and integration is because t° is increasing in ¢. O

Theorem 4.1

Suppose épw is defined as in Equation 9, where n: and vy are mean-zero, independently distributed,

2

2 . . .
y and oy, respectively, at least one of which is non-zero.

and homoskedastic with finite variances o

Then épw RNy if and only if s < 1.

Proof. (Convergence if s < 1) Clearly, E [HPw] = 6. 1 will prove that V [HW] — 0, which is
sufficient. We then have

) T -1 T -2 7
A [epw} =02 <Z ts> + 02 <Z t3> Zt*%
t=1 t=1 t=1
T -1 T -2 T
<o} (/ t‘sdt> + o2 (/ t‘sdt> (1 +/ t_QSdt)
t=1 t=1 t=1
=o2(1—s) (T - 1)

+o2(1—s)? (T —1) 7 (1 + ﬁ(Tl—zs — 1)>

-0, (39)

with a similar expression if s = 1 (in which case the integral for ¢™° becomes a logarithm); or if

5§ = % (in which case the integral for 2% becomes a logarithm). O

Proof. (Non-convergence if s > 1) Note that Y)/_ ¢t~ — C for some constant C. Now, define
Xiim = CHimp_ o0 ZLQ (t_%nt + t_sut) . (In fact, Xj;,, will be a non-degenerate random variable
with finite variance, but I need not prove that here.) We now have that 6, 2 6+ C~ (1 + v1) +
Xiim- Note that C~1(nm + 11) is independent of Xj;,. A non-degenerate random variable, plus
an independent random variable (degenerate or not) cannot equal a constant. Thus épw does not

converge to a constant. O

Lemma 4.2

Suppose {€;} are mean-zero, independently distributed, homoskedastic random variables with finite

variance o2 > 0. Further, suppose there is some function g(T) such that for all T, g(T) # 0; and
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a finite-valued function f(t) > 0 such that

m _ W =C? (40)

li 7 ;=
for some finite constant C' > 0. Define X7y = g(T) f(t)er; S = Zthl Xrt; and s5. = Zthl V [ X7
Then f—; 1s not generally asymptotically normal, in the sense that, for all t, holding fixed the

distribution of {ex} for k # t, there is at most one distribution of €; for which f—; A N(0,1).

Proof. First, note that all g(7") expressions cancel out from ‘j—;f, so they will be ignored. Next, note

that soo = limp_ s is finite, or else Equation 40 would not hold. Because of this, (‘:—; - S%) 20

by Slutsky; so I will prove the above theorem about ;% We now have that

g T
T = (5u) ™ S0+ (500) ™ D SR
0o k£t
W S e
_ Cf(l) t+( oo) ;f(k:) k- (41)

Define ¢4 as the characteristic function of (s5)~! ZZ 2t f(k)eg; ¢r as the characteristic function of
€:; and ¢ as the characteristic function of a standard normal random variable. If ;%7; A N(0, 1),

then ¢; is uniquely defined by

(42)

This may not be a valid characteristic function; if it is not, then there is no distribution of ¢ that

would lead to asymptotic normality. O

Theorem 4.3

Suppose épw is defined as in Equation 9, where {n:} and {v;} are mean-zero; independently dis-

tributed; and homoskedastic with finite variances o2 and o2

" =, respectively, with at least one strictly

greater than zero; and {n?} and {v?} are uniformly integrable. If s < %, then épw is asymptotically
normal (with suitable normalization). If% < s <1, then épw is generally (in the sense of Lemma
4.2) asymptotically normal if and only if 0% >0. If s> 1, then épw is not generally asymptotically

normal in the sense of Lemma 4.2.

Proof. Asymptotic normality of épw will depend on the normality of the sum Zthl (t*%nt +t79 Vt> ,
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where the normalization term can be dropped because it is nonrandom, and multiplication by a
nonrandom variable does not impact normality. Combining Lemma 3.2 and Lemma 4.2, and because
supy>1t~% = 1, a necessary and sufficient condition for (general) normality of the n; term is that
Zthl t7% — 00, i.e. that s < 1; and for (general) normality of the v, term is that Zthl =25 — o0,
i.e. that s < % Furthermore, if % < s <1 and 0727 > 0, then the variance of the 7; term goes
to oo, while the variance of the v; term goes to a constant; thus, after normalization, the v; term

disappears, and we are only left with the 7; term, which is asymptotically normal. O

Proposition 4.4

Proof. Excess kurtosis is calculated with the binomial theorem. We have that

E (épw - ‘9>4 B 1

_s 4
Loy ”’t) 43)

V {0y 2 <02 1> > ( Yt

2
T — T —
<Zt okl + 6% (S t002) — 61 250;1,>

= po 5 (44)
U# (Zt:l t_s>
kiHys +3H? — 3H, H
n S s S 4 2s
= = (k. —3 +3 (45)
So excess kurtosis is (m — 3) HZS. UJ

Proposition 4.5
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Proof. We now have

~ 4
V 6] (o2 (SLa) SL ) =

2
(Zt o + 6% (ZZ:1 t_QSUz%) - 6% 23:1 t_480§>

_ S (47)
ot (X0, )
tHys + 3H3, — 3H. H
Ry, I14¢ + 23 4s _ (Hﬁ _ 3) 4s . +3 (48)
(Has) (Has)
So excess kurtosis is (n,‘f - 3) (524:)2. Ul

Proposition 4.6

A~ ~ -2 A~
Define €; = y; —Opy, and V = % (Zthl t*5> Zthl t72%€2. As above, suppose that Oy, is defined

as in Equation 9, where n; and vy are mean-zero; independently distributed; and homoskedastic with

2 2
T _ _105Has+o; Hss —9
:| ST (1 24, opHs+o] Has +Hy s ).

finite variances o2

5 and o2, respectively. Then E [

14
V[0pw|
Proof. The true variance of the weighted estimator is shown in the first line of Equation 39. To

estimate the variance, however, the standard equations lead to

€ =Yyt — épw = t%m + v — (Zk > Z <k_%7]k + ki_st:) (49)

k=1

-Lor
&= (t%m+ut>2 2 (t3mi + 1) ( > kT S) > (K 5+ k)
=1
T 2 7
+<Zk‘s> (z (kimer i k) 50)
T

VEH<;t_S> ;t_%&f
T : 1 .
7 (5) (Gne))
T 3 /7
+T_1<;t5> (;t23> (;tﬂk—i—tsw) (51)
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We now have that

E 1% _ T T | O2Hy, + 02 Hs, T oy (52)
V[pr} T T-1 T-1"% oZH,+o02Hy, T—1° %
O
Theorem 4.7

~ N -2 A~
Define ¢, = yy — Opy, and 'V = % <ZtT:1 t*s) Zle t=25¢2. As above, suppose that O, is
defined as in Equation 9, where ny and vy are mean-zero; independently distributed; homoskedastic

with finite variances o2 and o2, respectively, at least one of which is non-zero; and have uniformly

n v

bounded kurtosis. If s < %, then V[V 5. If% < s <1, and additionally v takes on at least 3
pw

D
<

values for some observation t, then RS if and only if 0727 >0. If s> 1, then Vo] does not

v
V[0pu

D)

V[6pu]

converge.

H.

HQS 4s
i 0 as

Proof. (Convergence) First, note that if s < 1, Hy — oo, 7 — 0, Hﬁ?’: — 0, and

T — oo. From this, we can see from Equation 52 that E [[V] — 1 as T'— oo. I therefore only

V[bpuw]
must prove that V [V[Z]] — 0 as T — oo. I begin by proving this for the case where v = 0, and
pw
then the case where 7, = 0. I then note that if neither term equals zero, the 7; terms will dominate,

so convergence follows from convergence of that term.

T

7—1 — 1, so using Slutsky I will ignore this.

First, assume vy = 0 and s < 1. Further, assume that 7; has a variance of 1 (since V [épw} =
U%Hs_ 1 we are dividing by the variance of 7, so this is without loss of generality) and define

/1% = sup, E[n], which exists by assumption. Defining Vi as the first term of Equation 51, V5 as
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the second term, and V; as the third term (that is, V=V—-Va+t Vg), we have

V
V|
v [epw]
= H2 (VIVA] + V[Va] + V[V4] — 2C[TA, Vo] + 2C[V4, Vs] — 2C[V%, Vi)
T T
= H’E Zt—snfz:k—srﬁ] —1
t=1 k=1
T T 5 T T H 2
_ _s __ 9S8 _s 28 — 2
[ Sk S 3w - (2 )
t=1 k=1 =1 m=1
T T T T
+H;6H223E Zfﬂ?t Z kiink Zliinl m 277m] - (Hs 2H25)2
t=1 k=1 =1 m=1
T T T
—2x 2H PR > 402> kTIge » 12| 42 x 1 x 2H, *Ha,
t=1 k=1 =1
T T T
+2 % Hy Ho B | 475> k75 > 172y | =2 x 1 x Hy 2 Hy,
t=1 k=1 =1
T T 5 T T
-2 X QHS_SHQSE Zt_intZk:_TnkZl_im Z m- 2mm,
t=1 k=1 =1 m=1
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+2x 2H;2Hyy x H;2Ho,

(54)



where the limit uses the facts, as noted previously, that Hy, — oo,

as T — oo.

IN

%

+H;SH:E
t=1 k=1 I=1 m=1
T T T
—4HE [Z SN ekl 2 iy | + AH,  Ho,
t=1 k=1 I=1
T T T
+2H ;" HyE [Z DD kT Bt | — 2H P Ha
t=1 k=1 l=1

T T T
—AH Ho,R [Z > > i i

+AH; Y [HyHs, + 2H3, + Hig(rh — 3)] — 4H;*H3,
+H;OH3, [3H? + Hay(k, — 3)] — Hy *H3,

)
—4H;? [HyHas + Hss(ky — 1)] + 4H; > Ho,
)

4
n
4
n

+2H; "Hos [HZ + Hos(rky — 1)] — 2H; 2 Ho,

—4AH°Hy, [3HasH, + Hss(ryy — 3)] + 4H; *H3,

0

HQS
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on — 0,

+4H;*H3, (55)
(56)
(57)
Hss

H4s
i — 0, and e — 0



Next, assume 1y =

variance of 1 (since V {

1

0 and s < 5. Note that now, Hys — oo. Further, assume that v; has a

A~

9pw] = 02H;2Hy,, we are dividing by the variance of v, so this is without

loss of generality) and define k% = sup, E[v], which exists by assumption.

v| Y (58)
V (B
= HH;? (VIVA] + VIVa] + V[Va] - 2C[TA, Vo] + 2C[V4, V] — 2C[T3, V4] (59)
T T
= HJE D 7207 k%] —1
t=1 k=1

2 2 a s a 2s a S = 2s 11{3S 2
+4H_ “H, E [;t Vtkz_lk‘ I/k;l l/lmz_lm l/m] <2Hs H25>
T T T T
Zt_syt Z k%, Zl_syl Z m_sum] - (Hs_2H25)2
t=1 k=1 =1 m=1

+H'E

—2 x 2H,'H,*E

+2 x H;2H,'E

2 x 2H,3H,'E

T T T

_ _ _ — HSs
SEERN Ky Yy Iy +2x 1 x 2H]!
=1 k=1 =1 Has
T T T
SR kT zsul] —2x 1 x H2Hy,
t=1 k=1 =1
T T T T H
S k2SN S m T | -2 x 2H T 2« HI2HE60
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T T T
HHPH,PE (D Y Y ) t_sk_QSl_sm_qutykulum] — 4H7H,?H?,
t=1 k=1 I=1 m=1
T T T
+H'E Z Z Z Z tskslsmsutl/kyll/m] — H;7'HZ,
t=1 k=1 l=1 m=1
rT T T
—4H'H,E SN BRI vk | + 4H  Ha Hy !
Li=1 k=1 =1
rT T T
+2H2H,'E Z Z Z tQSk'SlSI/tZVle] — 2H;2Hy,
Lt=1 k=1 I=1
rT T T T
—AHPHE YOS NN kT m T v, | + AH, ® Ha, (61)
Lt=1 k=1 =1 m=1
< H,?[H3, + His(kp —1)] —
+4H;?Hy? [HosHys + 2H3, + Hes(k — 3)] — 4H; >H, 2 H3,
+H;* [3H3, + Hys(k, — 3)] — H, *Hj,
—4H;'H? [HosHss + Hsg(ky, — 1)] + 4H; ' Hy Hy'
+2H2H, ' [H, + Hys(ky, — 1)] — 2H; >Ho,
—4H°Hy " [3H3sHas + Hss(ky — 3)] + 4H®Hag
0 (62)

Note that if a% > 0 and 02 > 0, the n term will dominate as T — oco. So the fact that the

variance goes to zero as 7" — oo when 4 = 0 means that V [ [Y

Vv 2
v epw]] — 0 even when oy > 0 and

o2 > 0.

O]

Proof. (Non-convergence if s > 1) Note that Hy — C for some constant C, while Hys — Co for

some other constant Cy. Now, using the first line of Equation 39,

A~

v [epw} = 020 + 020720y, (63)
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a constant. We also have

T T
A 1
0= ——— > t°O0+e)=0+H ") t % (64)
Yt S t=1
T
ét:yt—9:9+6—0:€t—H;12k_s€k (65)
k=1
T T 2
& =€ —2aH;' > ke + H, (Z k_86k> (66)
k=1 k=1
T T -2 T T
7 — - —25:2 _ -2 —25 22
v:T_1<D ) S = Loy o7)
t=1 t=1 t=1
To simplify, I will show that V= Zthl t‘23€? converges to a nondegenerate random variable. By
Slutsky,
plim———— = plim (62C; ! + 020, 2Cy) ™' C72V (68)
v [epw]
= [(e)7'Crt + (o)1 Cy ! plimV (69)
so if V converges to nondegenerate random variable, ﬁ does as well.
pw
Now,

(]~
o
.
™
>
N—
[\
=
S
N—

T T T T
V=)t —2H 'Y 7%y ke + H (Z t‘25> (
t=1 t=1 k=1

t=1

=e16y (—2H; '27° —2H 127 4 2H 2 H,,27%)

+6 (1—2H,' + H;*H,,)
+6 (27 —2H 1277 + H P Ho2™™)
T T T
+ e (—2}181 > ke —2H'Y t7%e +2H, *Ha, » tset>
k=3 t=3 t=3

T T T
+ e <—2H81223 > ke —2H'270Y 7%+ 2H PHp 20 t56t>
k=3 t=3 t=3

T T T d i
FS Y S () )
=3 =3 k=3 t=3

Crucially, the only term in Equation 71 that includes both €; and ey is the first term.
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Now, note that by assumption, at least one of U% and o2 is non-zero, so both €; and e each
take on at least two values each with nonzero probability. Denote these €; 1 and €11 for €;; and €32
and €z 9 for €. For some fixed values of {es...er}, denote by f/” the value of V when € = €1, and

€2 = €2, j. Now, we calculate

(‘71,1 - ‘712) - (‘72,1 - ‘722) = ((61,162,1 - 61,162,2) - (61,262,1 - 61,262,2))
x (—2H; 1275 —2H'27% + 2H 2 Hy,27%)
=(e11 —€1,2) (€21 — €2,2)
x (—2H;'27% —2H 127 + 2H;?H,,27%)
B (e11 — €12) (€21 — €2,2) (72)

x (—2071275 — 2071277 + 2072 CH27%) (73)

where all other terms in V are dropped because they do not contain both e; and e;. This
limit can only equal O if €17 = €12 or €21 = €22, which is not true by assumption. There-
fore plim [(Vll - VLg) — (17271 — ‘722)} takes on at least two values with nonzero probability, so
plimf/ also takes on at least two values with nonzero probability, so it is a nondegenerate random

variable.

O]

Proof. (Non-convergence if% < s <1, vy takes on at least 3 values for some t, and 0727 = 0) We

now have
v [épw} = 02H 2 Hy,, (74)
SO
‘:/ = T{ 1H2_51 zT:tQSéf (75)
V[

Because %H{sl — (Y, and continuing to define V = Z,f:l t=2%¢2, convergence of % again de-
pw
pends on convergence of V. However, because now H, — oo, (—2H; 1275 — 2H 127 + 2H 2 H,,275) —

0, so the previous proof does not go through.
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Instead, consider that t for which e; = v; takes on at least 3 values. We have

V=uf (% - 20,1473 + H 2 Hot™%) (76)
T T T
fu | —2H Y DR — 2H Y DRy 4+ 2H, PHalt 0 Y K wy, (77)
kot Kt kot
T T T T 2
+Y RV 2HY R0 Yk v+ Hy P Hog | Dk w, (78)
k#t k£t k£t k£t

Because H; — o0, as T" — 00,

T
V- [t 4> k2 | Bo (79)
kAt

(the variance of all other terms goes to 0 because the kurtosis of v are uniformly bounded). Thus

the convergence of V depends on the convergence of =202 + Eg £t k~25v2. Because 14 takes on at

least 3 values, v? must take on at least two values, so it is a nondegenerate random variable. A

non-degenerate random variable, plus an independent random variable (degenerate or not) cannot

o
V{oro]

equal a constant. Thus f/, and therefore , does not converge to a constant.

O
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B Alternative asymptotics

Suppose we now assume that the least accurate observation’s variance is held fixed. In other words,

the error term of Equation 5 will be rewritten as

1 s
A\ "2 £\ 2
€ = <A;> N+ v = (T> Nt + Vi, (80)

This formulation is a valid description of the data; for any given sample size, it is equivalent to

2

Equation 5, but with a different value for o.

In this formulation, the unweighted estimator will be consistent. The unweighted estimator is

now
T

1 <& 1 £\ 2
th:;yt:9+TZ<<T) 77t+Vt> (81)

t=1

éuw

To see that this is consistent, note that the variance of the (unbiased) estimator is given by

. 1o~/ t)2 ’ ol = (t\? 1,
V o) =B TtZ<T) e —f’w;@) T

Z1+103:%(a§+a§)—>0. (82)

IN
Q
|

However, it remains true that, for s > 1, the unweighted estimator would be more efficient if
only the most accurate observation is used. It is simply that each observation becomes arbitrarily
accurate as sample size increases.

The weighted estimator is now given by

1 T oreN® 1 r
0 - <) Y= ——— Y Ly,
mE ST a\T) T e

1 1
IR
ZtT:1t_SZ T

B
2
t=1

t_%ﬁt + t_SVt> (83)

Note that the v; term in this expression is the same as in Equation 9; thus, all results from above

for the v; term in the weighted estimator will remain valid. Focusing instead on the 7; term, we
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see that it converges; if o2 = 0, then

T

~1
v [épw} — T2 <Zt‘s> =0 (84)
t=1

because T7% — 0 for all s > 0, and <ZZ;1 15_5)71 is bounded (and goes to 0 if s = 0).
Results for asymptotic normality of the 7; term will not change. The extra T2 will function as
the g(T) term in Lemma 3.2 and Lemma 4.2, and therefore will not affect the conclusions.
Results on standard errors for the n; term will also not be affected, as the extra T% will factor

out of % if v, = 0.

There are, of course, infinite other asymptotic assumptions that agree with any finite amount
of data, each of which has different asymptotic implications. For example, if we assume that the
errors in all remaining observations will be homoskedastic, then of course the usual assumptions
apply and estimators are consistent, asymptotically normal, and have consistent standard errors.
However, in any asymptotic specification in which all data obey a power law, much in this paper
will remain unchanged. For example, if s > 1, the OLS estimator will always be less precise as
more observations are added. Further, conclusions about asymptotic normality and consistency of

the estimator for standard errors will remain unchanged. Finally, simulation results, because they

are based on a small sample, are unaffected by such assumptions.
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C Implementation of quasi-maximum likelihood in Stata

This section details the new Stata command “regoptwgt,” which implements the QML procedure
described in Section 5. It is available at https://www.davidjonathanprice.com and will soon be
available through the Statistical Software Components (SSC) archive.

In many cases, regoptwgt can simply replace other commands to replace WLS with QML. For

example, the following command:
e reg vy x1 x2 x3 [w=wgt]
can be replaced with:
e regoptwgt y x1 x2 x3 [w=wgt]
Likewise, the following command:
e ivregress 2sls y x1 (x2 x3 = x4 x5 x6) [w=wgt]
can be replaced with:
e regoptwgt y x1 (x2 x3 = x4 x5 x6) [w=wgt]
Some details about the command that are important to note:

e By default, regoptwgt initializes the search for parameters based on results from an un-
weighted analysis (OLS for the one-equation case, two-stage least squares in the multiple-
equation case). In the simulations in Section 6, if QML fails to converge, the process is
repeated without this initialization. In a set of 6.6 million simulation estimations, both of
these processes failed to converge for the same estimation only 99 times. (Of these, 98 were
cases with s = 2 and v = 0—that is, the highest heteroskedasticity I tested. Extra care may

be needed in that extreme setting.)

e The log likelihood function is maximized using the 1fl method. This means that the first
derivatives of the log likelihood function are hard-coded into the command and are used to

find the maximum.

e By default, regoptwgt cycles through four maximization techniques: Newton-Raphson (nr),
Berndt-Hall-Hall-Hausman (bhhh), Davidon-Fletcher-Powell (dfp), and Broyden-Fletcher-
Goldfarb-Shanno (bfgs).
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Although the creation of regoptwgt is motivated by power laws, as described in this paper,

this command can improve precision any time a researcher is considering using weights.

Standard errors may be clustered according to one or more variables. Note that clustering
does not change estimator; it only adjusts standard errors. Future work could allow for
covariance within clusters to affect the optimal weight, which could results in a more precise

estimator.

If standard errors are clustered along more than one dimension, the command uses vcemway,

as described by Gu and Yoo (2019).

The command regoptwgt can be quite fast; in simulations, estimation was typically complete
within five seconds. However, although regoptwgt works with any number of endogenous
variables, it is substantially slower with two or more endogenous right-hand-side variables.
This is because it uses mata to calculate some parameters, and overhead from the use of mata

appears to slow down the command. Future work involves speeding up this calculation.

At present, factor variables are not supported by the command. Future work involves incor-

porating them.
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D Additional figures

All figures in this section are results of simulations. They are based on the following model:

N

e = k2t3n + 1y (86)
ne ~ N(0,1) (87)
v ~ Exp(1) —1 (88)

_ ZQ((TT)% B % o—1(h) 89)
k= H_;Q(T) —HS(T)—le (
z ~ N(0,1) (90)
wy ~ N(0,1) (91)
T = 22t + wr + & (92)
&~ N(0,1) (93)
Yr = wy + € (94)

where h is the level of heteroskedasticity on the x-axis and ®~!(-) is the inverse of a standard
normal CDF.

Estimators for an average are estimating the mean of ¢;. Estimators of a regression coefficient
have ¢, as a dependent variable and z; as an independent variable. Estimators of an instrumental
variables coefficient have y; as a dependent variable, x; as an endogenous regressor, and z; as an
excluded instrument.

In addition to this model, some estimators are calculated with a “disaggregated” technique,
similar to the setup at the start of Section 2. For these techniques, each of the 1,000 initial
observations is expanded so the total number of observations in the group formed by each initial

observation t is approximately equal to 4000 x ¢=°. I then set

eir = (4000 x k)31 + 14 (95)

mit ~ N(0,1) (96)

Figure 8 shows the root mean squared (RMS) error on an estimated average for different meth-
ods, relative to the RMS of QML, with s = 1. Figure 9 shows the same for a regression coefficient;

Figure 10 shows the same for a coefficient from an instrumental variables regression. Figures 11,
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12, and 13 are equivalent graphs for s = 2.

Figure 14 shows the size of confidence intervals with various nominal sizes when testing a true
condition on an average. Figure 15 shows the same for a regression coefficient. Figure 16 shows
the same for an instrumental variables coefficient. Figures 17, 18, and 19 are equivalent graphs for
s = 2. “Unweighted” and “Weighted, HC1” use Stata’s “robust” option. “Weighted, HC3” uses
Stata’s “vce(he3)” option. “Disaggregated, CV1” uses Stata’s “cluster(t)” option. “Disaggregated,
Jackknife” uses Stata’s “cluster(t) vce(jackknife, mse)” options. “Disaggregated, Bootstrap” uses a
wild cluster bootstrap with the user-written Stata command “boottest,” as described by Roodman

et al. (2019).

51



Figure 8: Relative root mean squared error in simulations estimating an average, s = 1
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Figure 9: Relative root mean squared error in simulations estimating a regression coefficient, s = 1
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Figure 10: Relative root mean squared error in simulations estimating an instrumental variables
coefficient, s = 1
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Figure 11: Relative root mean squared error in simulations estimating an average, s = 2
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204

Figure 12: Relative root mean squared error in simulations estimating a regression coefficient, s = 2
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coefficient, s = 2

Figure 13: Relative root mean squared error in simulations estimating an instrumental variables
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Figure 14: Size of confidence intervals in simulations estimating an average, s = 1
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where h is heteroskedasticity and ®(.) is the CDF of a normal distribution. For each simulation, there
are 1,000 observations where 7; ~ N(0,1) and v+ ~ Exp(1) — 1. However, “disaggregated” techniques
expand each of the 1,000 initial observations so the size of the group formed by each initial observation ¢
is approximately equal to 4000 x t~°.

55



Figure 15: Size of confidence intervals in simulations estimating a regression coefficient, s = 1
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where h is heteroskedasticity and ®(.) is the CDF of a normal distribution. For each simulation, there
are 1,000 observations where 7; ~ N(0,1) and v+ ~ Exp(1) — 1. However, “disaggregated” techniques
expand each of the 1,000 initial observations so the size of the group formed by each initial observation ¢
is approximately equal to 4000 x t~°.
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Figure 16: Size of confidence intervals in simulations estimating an instrumental variables coeffi-
cient, s =1
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where h is heteroskedasticity and ®(.) is the CDF of a normal distribution. For each simulation, there
are 1,000 observations where 1, ~ N(0,1) and v, ~ Exp(1) — 1. However, “disaggregated” techniques
expand each of the 1,000 initial observations so the size of the group formed by each initial observation ¢
is approximately equal to 4000 x ¢~ °.
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Figure 17: Size of confidence intervals in simulations estimating an average, s = 2
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where h is heteroskedasticity and ®(.) is the CDF of a normal distribution. For each simulation, there
are 1,000 observations where 7; ~ N(0,1) and v+ ~ Exp(1) — 1. However, “disaggregated” techniques
expand each of the 1,000 initial observations so the size of the group formed by each initial observation ¢

is approximately equal to 4000 x t~°.
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Figure 18: Size of confidence intervals in simulations estimating a regression coefficient, s = 2
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where h is heteroskedasticity and ®(.) is the CDF of a normal distribution. For each simulation, there
are 1,000 observations where 7; ~ N(0,1) and v+ ~ Exp(1) — 1. However, “disaggregated” techniques
expand each of the 1,000 initial observations so the size of the group formed by each initial observation ¢

is approximately equal to 4000 x t~°.
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Figure 19: Size of confidence intervals in simulations estimating an instrumental variables coeffi-
cient, s = 2
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where h is heteroskedasticity and ®(.) is the CDF of a normal distribution. For each simulation, there

are 1,000 observations where 1, ~ N(0,1) and v, ~ Exp(1) — 1. However, “disaggregated” techniques
expand each of the 1,000 initial observations so the size of the group formed by each initial observation ¢
is approximately equal to 4000 x ¢~ °.
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